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Abstract
Fuzzy control is well known as a powerful technique for
designing and realizing control systems. However, statistical evidence for their correct behavior may be not enough,
even when it is based on a large number of samplings.
In order to provide a more systematic veriﬁcation process, the cell-to-cell mapping technology has been used in
a number of cases as a veriﬁcation tool for fuzzy control
systems and, more recently, to assess their optimality and
robustness.
However, cell-to-cell mapping is typically limited in the
number of cells it can explore. To overcome this limitation,
in this paper we show how model checking techniques may
be instead used to verify the correct behavior of a fuzzy control system.
To this end, we use a modiﬁed version of the Murphi veriﬁer, which ease the modeling phase by allowing to use ﬁnite
precision real numbers and external C functions. In this
way, also already designed simulators may be used for the
veriﬁcation phase.
With respect to the cell mapping technique, our approach
appears to be complementary; indeed, it explores a much
larger number of states, at the cost of being less informative
on the global dynamic of the system.

1 Introduction
1.1

Fuzzy control

Fuzzy control is well known as a powerful technique for
designing and realizing control systems, especially suitable
when a mathematical model is lacking or is too complex to
allow an analytical treatment [16].
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On the other hand, fuzzy control systems (FCS in the
following) are based on qualitative fuzzy rules which have
the form:
if <CONDITION> then <CONTROL ACTION>
where both <CONDITION> and <CONTROL ACTION>
are formulated making use of the so called ”linguistic variables”, which have a qualitative, non mathematical character [13].
Therefore, by its very nature, a FCS leaves open a number of natural questions:
1. Does the FCS actually work?
2. How good is the FCS w.r.t. various performance measures, and in particular w.r.t. time optimality?
3. How robust is the FCS? That is, what will be the performance of the FCS when parameters vary outside the
design range?
Several powerful technologies have been devised to cope
with these problems.
For what concerns the ﬁrst one, one has typically two
strategies.
In the ﬁrst strategy, fuzzy rules are devised on the basis
of intuitive considerations. Then they are substantiated and
tuned by means of some automatic statistical analyzer such
as a neural network or a genetic algorithm [18].
In the second strategy, the very choice of fuzzy rules is
guided by statistical considerations, such as in Kosko space
clustering method [14] or by abstracting them from a neural
network [22].
However, statistical evidence may be not enough, even
when it is based on a large number of samplings. This is
especially true when the controlled system displays a critical character, i.e. when malfunctioning may cause relevant
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economic losses or damage to persons. Therefore there is a
need of a more systematic veriﬁcation process.
To this aim, the cell-to-cell mapping technology has been
used in a number of cases as a veriﬁcation tool for FCSs
and, more recently, to assess the optimality and the robustness of the FCSs.
For the sake of the reader we recall some of the main
features of this approach.

1.2

Cell-to-cell mapping

Cell-to-cell mapping allows an approximated analysis of
a state space, which however has a full coverage on the region of interest. The approximation stems from the fact that
the continuous state space is partitioned into a ﬁnite number of disjoint cells. Thus, each variable ranges on the set
of cells, instead of R.
More in detail, suppose we are given a model of the form
x(t+1) = f (x(t)), where the state x is described by n realvalued variables. Then, we can see x as a point on Rn . In
the cell-to-cell mapping, the n axes of the state space are
partitioned into equal intervals, each denoted by an integer
zi .
These axes partitions naturally deﬁne n-dimensional
cells. Indeed, a cell z is deﬁned as a n-tuple of intervals
z = [z1 , . . . , zn ]. The union of all cells z is the cell space
Z.
The main effect of the cell partition is that all the elements in a cell z are approximated with the center point
z c = [z1c , . . . , znc ] of that cell, where zic is the central point
of the interval zi . Thus, the image or one-step transition cell
for a cell z within a time period t is determined by computing x = f (z c ), and determining the cell in which x falls.
Therefore, the state space becomes the set of cells Z and
the map f becomes the cell mapping F : Z → Z.
A cell z ∗ is an equilibrium cell if z ∗ = F (z ∗ ). A periodic motion with period K is a sequence of K distinct cells
z ∗ (m), m = 0, ..., K − 1, which satisﬁes the conditions
z ∗ (m) = F m (z ∗ (0)), z ∗ (0) = F K (z ∗ (0)).
An equilibrium cell is a periodic motion of period 1.
The r-step domain of attraction of a periodic motion is
the set of all cells that are within r-steps of the periodic
motion.
The cell map of a system is constructed using an unravelling algorithm to compute cell transitions and identify all
existing periodic motions and domains of attraction. This
algorithm computes an image or one-step transition cell for
each cell z after a time period tm . Cell trajectories are obtained by tracing one-step cell transitions.
Based on these trajectories, one can establish which cells
converge to the set point (controllable cells) and which not
(uncontrollable cells).

For detailed information about the cell mapping, the unravelling algorithm and applications, readers are referred
to [4, 11].

1.3

Using Model Checking Techniques

We notice that the cell mapping technique is very similar to classical model checking techniques, extensively used
in different domains such as hardware or protocols veriﬁcation. Indeed, a ﬁnite state space is systematically searched
by means of exhaustive algorithms.
Both techniques are plagued by the so called state explosion phenomenon, which means (for the cell-to-cell mapping) that to obtain a better approximated dynamics we need
ﬁner partitions, and this ultimately results in an exponential
grow of the number of cells.
On the other hand, model checking techniques aim to
an exhaustive exploration of the full state space. In this
case, the state explosion phenomenon simply arises from
the presence of a too large state space, w.r.t. the computational resources such as time or RAM memory. For control
systems, and also for hybrid systems, the state space deﬁnition involves continuous variables, and this in turn appears
to give rise to an unavoidable state explosion.
Many veriﬁcation tools (model checkers) are available
for automatic veriﬁcation of hybrid systems. Examples are:
HyTech [7, 1] and UPPAAL [31]. Also tools originally designed for hardware veriﬁcation have been used for hybrid
systems veriﬁcation. E.g. in [30], SMV [17, 24] has been
used for veriﬁcation of chemical processing systems.
When the controller is a fuzzy one the analysis problem
becomes even harder because of the complex dynamics involved. In this paper we show how a suitable extension [5]
of the Murϕ model checker can be effectively used in the
automatic veriﬁcation of nontrivial fuzzy control systems.
Some important points are to be noticed:
1. Reachable States. Of course we are interested in the
states of the system that can be reached from legitimate initial states by means of the proper system dynamics. This set, called the set of reachable states,
often turns out to be of a much smaller size than the
whole state space (the cartesian product of the state
parameters ranging intervals). It is worth notice that,
in sharp contrast with simulation, the model checking
approach is based on a full book-keeping of the visited
states. So that only reachable states have to be taken
into account.
2. Memory Requirements Reduction. Much work has
been done to reduce the RAM memory required to
complete a veriﬁcation. The most important results
have been achieved by cutting off state space portions
so that the veriﬁcation response is still valid (e.g., by
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partial order reduction [10] and symmetry reduction
[12]). Other important results have been gained by reducing the size of the states to be stored in RAM, especially by means of hash compaction [32, 29] (other important techniques having the same aim are described
in [9, 8]). On the other hand, in an auxiliary storage
approach one tries to exploit disk storage as well as
distributed processors (network storage) to enlarge the
available memory (and CPU). Examples can be found
in [27, 28]. Finally, in [6] two algorithms are shown
which exploit statistical properties of the state transition systems (transition locality), thus succeeding in
verifying systems which are out of reach for the standard model checking techniques.
3. Near the Set Point. For control systems, one is often interested in the behavior of the system when its
state is not too far from the set point. This results in
a reduction of the state space and allows a systematic
exploration of the states near the system initial state.
Using this approach we were able to complete the automatic veriﬁcation of a turbogas control system [5].
4. Reduction of the Number of Initial States. Another
reasonable reduction of the state space can be obtained
by suitably choosing the initial states. As an example,
in a car parking problem we can assume that the controller will behave in a similar way, when starting with
initial states which are ”very near” one to the other.
In the present paper we propose to use explicit model
checking for the veriﬁcation of control systems. To this end,
we use a modiﬁed version of the tool Murphi [3], devised
by us and other researchers, that allows the use of real numbers (that are treated as double type of the programming
language C) as well as the use of external C functions.
This simpliﬁes the modeling phase of the controller
(within the mathematical model), since allows us to use,
with a few and not conceptual modiﬁcations, the controller
simulators, which are typically built during the design of the
controller itself, typically for testing purposes.
Note that using this approach we can obtain a systematic
analysis of the state space, considering millions of states,
whilst the cell mapping approach typically consider (up to)
thousands of cells.
We stress the fact that this is very near to a ”press-button”
technology, in the sense that once the controller has been
devised and formulated say as a C function, and the initial
state(s) as well as the allowed parameters variations have
been set, then an automatic veriﬁcation of the controller
takes place. This veriﬁcation might not terminate (or not
terminate in a reasonable amount of time) due to limitations
in the computational resources. However if it terminates,
then it outputs either an error trace (i.e. a path leading from

an initial state to a state that the controller is unable to bring
to the set point) or a ”certiﬁcation” that - in the considered
range of variability - the controller acts properly. Often, this
can be done in a reasonable amount of time.
Moreover, this state exploration makes it possible to perform various optimality analysis. For example, time optimality can be assessed by computing - for each state - the
time needed to bring it to the set point.
In the following, we present three applications of our
methodology. In the ﬁrst one we consider the classical car
parking problem, and we verify a fuzzy car parking controller due to [14][15]. In the second one, we consider
another classical problem: the inverted pendulum. In this
case, we verify the fuzzy controller proposed in [23]. In
both cases, we limit the state space by reducing the initial
states. Nevertheless, in the veriﬁcation process millions of
states are considered. Moreover, we were able to determine
an upper bound to the number of steps needed to bring the
controlled states to the set point.
Our third example is the veriﬁcation of a fuzzy buck controller devised in [25]. Here, we adopt the approach of limiting the size of the perturbing stimuli. We were able to
verify the controller for all the sequences of stimuli belonging to a given range. We also determined at which point the
controller breaks down, so assessing the controller robustness.
These examples show that explicit model checking could
be a valid technique for the veriﬁcation of fuzzy controllers.
Due to the great easiness of use, it seems reasonable that our
tool can be used also for the tuning phase in the realization
of fuzzy controllers.
With respect to the cell mapping technique, our approach
appears to be complementary; indeed, it explores a much
larger number of states, at the cost of being less informative
on the global dynamic of the system.
The paper is organized as follows. In Sect. 2 we outline
our approach, together with the modiﬁcations we have done
to the Murphi veriﬁer. In Sect. 3 we describe how we applied model checking techniques to our case studies, and we
also give some experimental results. Sect. 4 concludes the
paper.

2 Extending Murphi Input Language with
Real Numbers and External C Functions
2.1

Finite Precision Real Numbers

Murphi [19] is a model checker based on an explicit enumeration of the state space (other explicit model checkers
are e.g. SPIN [26], while NuSMV [20] is an example of implicit (or symbolic) model checker). Originally, Murphi was
developed to verify protocol-like systems, especially cache
coherence protocols. However, we have already shown [5]
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that it can be also used to verify hybrid systems, by adding
the possibility to use ﬁnite precision real numbers in the
modeling phase.
To do this, we added to the Murphi veriﬁer the type
real(m, n) of real numbers with m digits for the mantissa and n = log10 n + 1 digits for the exponent. Type
real(m, n) is ﬁnite, its cardinality is 2 × 9 × 10m−1 ×
2 × 10n = 36 × 10m+n−1 . Thus our extension has no impact on Murphi veriﬁcation algorithms, however makes it
easier to model hybrid systems as well as control systems
within Murphi.
Note that, the huge cardinality of the type real(m, n)
does not imply, a priori, a huge size of the set of reachable
states.

2.2

External C Functions

Still, this is not enough to model fuzzy controllers behavior. In fact, the Murphi modeling language is very simple
(being designed for cache coherency protocols), so the modeling phase may be still time consuming and error prone.
Indeed, the implementation of the fuzziﬁcation phase, as
well as of the system dynamics (once the controller has
computed its output) requires more advanced language constructs to be described, such as the ones provided by the
C/C++ language. Moreover, system simulators written in
C/C++ are often available (especially in the more complex
cases) for testing purposes, thus it is worth doing to reuse
them in the veriﬁcation phase.
To overcome these difﬁculties, and to reuse simulators,
we added the possibility to use externally deﬁned C/C++
functions in the modeling language. In this way, we can
use the C/C++ language constructs to model the fuzzy controllers. Moreover, we can directly include (with some arrangement) in the Murphi model a simulator for the system
under analysis, since a system simulator is almost always
written in C/C++.
To make this possible, we had to properly modify Murphi. The modiﬁcation details cannot be described here;
we simply point out that the extension has been possible
since Murphi uses C/C++ language to generate the successor states of a given state.
There are some limitations on the functions that may be
used. The main limitation is that functions cannot have collateral effects, since the veriﬁcation algorithm of Murphi
does not guarantee the calls to be in the expected order.
However, it is always possible to modify a C/C++ function
so that it does not have collateral effects.

2.3

Veriﬁcation strategy

In our case studies, we use Murphi in two different ways.

When we want to verify a controller acting in a disturbed environment (it is the case of the buck controller
of Sect. 3.3), Murphi performs the following computation.
While visiting a generic state s, it nondeterministically generates the appropriate stimuli (or disturbances) d1 , . . . , dn
to system, and calls n times the simulator to determine the
t1 , . . . , tn successor states of s (note that to each disturbance corresponds one successor state, since controllers are
deterministic). Then, t1 , . . . , tn are stored in a queue to be
eventually expanded in the same way, provided that they
have not been visited before. This check is done by looking for ti in a hash table maintaining all the states visited so
far. Here, the system initial state is a state internal to the set
point, and we verify if the controller is able to maintain the
system within the set point nearbies, notwithstanding the
disturbances.
On the other hand, in the two remaining case studies,
there are no disturbances, so each state has exactly one successor state. Here, we simply set all the possible initial
states of the system (within a given precision), and verify
that the controller is always able to reach the goal in a given
number of steps.
Note that, in checking for already visited states, ﬁnite
precision real numbers are used, so that slightly different
states may be declared equal. However, the error arising
from this loss of precision will be acceptable if the choice of
real number representation has been adequate for the system
in hand. This means that a right choice of the precision is
an aspect of the veriﬁcation design.

3 Case Studies
In this section we show how our Murphi based validation
methodology for fuzzy controllers may be applied. To this
end, we use three case studies: a Parking Control System,
an Inverted Pendulum Control System and a Buck Tension
Control System (PCS, IPCS and, respectively, BCS in the
following). In each case, we begin by describing the system
and the controller under analysis, then we show how we
modeled them in Murphi. Finally, some experimental results are provided, where we set the number of decimal digits of mantissa of our real number precision to be 4 for PCS
and BCS and 7 for IPCS. On the other hand, 2 digits are
always sufﬁcient for the exponent.

3.1

A Parking Control System

The goal of the Parking Control System (PCS in the following) is to back a car up to a parking place starting from
any initial position in the parking lot [14]. We describe the
car state with three real values:
• the abscissa and the ordinate of the car x, y ∈ [0, 12],
referred to the center of the rear wheels;
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• the angle ϕ ∈ [−90◦ , 270◦ ] of the longitudinal axis
of the car w.r.t. the horizontal axis of the coordinate
system.
The PCS takes as input the car position and outputs the
steering wheels angle θ ∈ [−30◦, 30◦ ]. The goal is to move
the car to a ﬁnal position satisfying x = 6, ϕ = 90◦ . We
have no restrictions on the y coordinate since we assume the
initial position to be sufﬁciently far away from the parking
place. Therefore, if the ﬁnal position is reached, to move the
car to the parking place it is sufﬁcient to drive back without
steering the wheels.
The PCS fuzzy controller we want to verify is deﬁned in
[14]. For lack of space we omit the description of fuzzy sets
and rules.
In order to model the PCS in Murphi, we simply have
to implement in an external C function (see Section 2) the
fuzziﬁcation, inference and defuzziﬁcation process.
Moreover, we have to be able to determine the ﬁnal position of the car once a decision has been output by the
PCS. To this end, we use analytic equations giving x(t + 1),
y(t + 1) and ϕ(t + 1) as functions of θ(t) (PCS output),
x(t), y(t) and ϕ(t) (preceding position), as well as of the
car length (1.5m), of the constant car velocity (1.5m/s) and
of the sampling period (0.1s).
We are now ready to speak about the PCS veriﬁcation.
Namely, we want to verify that the PCS is able to back the
car up to the parking place in a maximum given number of
steps (NUMSTEPS in the following), whatever is the starting
position.
To this end, we deﬁne n starting states in the following
way. We discretize the domains of the Murphi variables x, y
and ϕ as follows:
• We divide the interval [0, 12] in to 270 subintervals and
12
i for i = 0..270 as possiconsider each value x = 270
ble initial values of the coordinates x, y; note that we
choose 270 since it is 10 times greater than the value
used in [15] for a cell to cell mapping division of the
state space;
• We divide the interval [−90, 270] in to 360 subintervals
and consider each value ϕ = −90 + i for i = 0..360
as possible initial value of the angle ϕ;
With these assumptions the Murphi veriﬁer operates as
follows. For each state s a suitable Murphi variable step
counts the number of manoeuvring done to reach s and a
suitable predicate Parking is true when the car is (approximately) in the parking place.
Therefore, a given state s will be an error state (i.e., the
controller should not bring the system in s) if the value of
step is greater than NUMSTEPS and the predicate Parking
is not true.
Tab. 1 summarizes one of our experimental results.

Table 1. Experimental Results for the PCS
NUMSTEPS
States
Error States States OK
60
3200424
9.46%
90.54%

3.2

An Inverted
System

Pendulum

Control

The IPCS is a fuzzy controller for the inverted pendulum
problem [23]. The goal is to bring the pendulum to equilibrium by applying a horizontal force to a maneuverable cart.
We describe the pendulum state with two real values:
• the pendulum angle w.r.t the vertical axis θ
[−1.5, 1.5];

∈

• the angular velocity θ̇ ∈ [−8, 8]rad/s.
The IPCS takes as input θ and θ̇ and outputs the force g
to be applied to the cart. The goal is to keep θ as close as
possible to 0.
The IPCS fuzzy controller we want to verify is deﬁned
in [21]. For lack of space we omit the description of fuzzy
sets and rules. Moreover, as for the IPCS case, we have to
be able to determine the ﬁnal position of the pendulum once
a decision has been output by the IPCS. To this end, we use
analytic equations giving θ̈(t) as function of g (IPCS out˙ (preceeding position), as well as of the
put), θ(t) and θ(t)
gravitational acceleration constant, the mass of the pendulum (0.1kg), the mass of the cart (0.9kg), is the length of
the pendulum (1m).
We are now ready to speak about the IPCS veriﬁcation.
Namely, we want to verify that the IPCS is able to bring the
pendulum to the equilibrium position whatever is the starting position. Moreover we want to determine the maximum
number of steps required.
To this end, we deﬁne n starting states in the following
way. We discretize the domains of the Murphi variables θ
and θ̇ as follows:
• We divide the interval [−1.5, 1.5] in to 100 subinter3
vals and consider each value θ = −1.5 + 100
∗ i for
i = 0..100 as possible initial value of the angle θ;
• We divide the interval [−8, 8] in to 100 subintervals
16
and consider each value θ̇ = −8+ 100
∗i for i = 0..100
as possible initial value of the angular velocity θ̇;
Tab. 2 summarizes one of our experimental results.

3.3

A Buck Tension Control System

The Buck Tension Control System (BCS in the following) is a fuzzy controller for a Buck DC/DC Converter described in [25]. The goal of BCS is to maintain the Buck
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output voltage V0 inside its set point when there is a variation of the Buck input resistance R. Here, following [25],
we deﬁne the set point for V0 to be the range Vref ± dref ,
where dref is a given tolerance.
In order to reach its goal, BCS takes as input the error
ek = V0 − Vref at a step k (typically due to a change in
the resistance R) and the change of error ce = ek − ek−1 ,
and outputs the buck duty cycle value variation δk . Thus,
the new duty cycle will be dk = dk−1 + η · dk , being η a
constant deﬁning the the gain factor of the fuzzy controller.
This new duty cycle should take V0 back as close as possible
to Vref .
In [25] it is shown by simulation that BCS works correctly when the variations of R happen not too frequently.
In this section we will show how Murphi can be used to
formally prove that a given time interval tR between the
variations of R is indeed safe for BCS, and we show how it
is possible to ﬁnd the least tR (MAX OUT in the following)
with this property.
In order to model BCS in Murphi, we again have to implement the fuzzy control behavior as well as to compute
the values for the controlled Buck parameters when the FCS
has made a decision.
To this end, we directly used an already available simulator [2] for the whole BCS (fuzzy control included), which
is able to compute the BCS state after t seconds. The main
work here has been done to adapt the BCS simulator to our
needs, i.e. to understand which variables it is necessary to
store in the Murphi state, in order be able to safely restart
the simulator from a given intermediate position. However,
this task has been carried over in 2 days, without requiring
knowledge of the Buck internal working. This shows the
feasibility of our approach.
Thus, our Murphi model is organized in only 3 rules. The
ﬁrst two rules handle the disturbances, which nondeterministically may or may not take place with a ﬁxed frequency.
In other words each state s has an internal counter (incremented at each step) such that when the counter reaches a
ﬁxed value DistFreq then s has two successors: s1 and s2 ;
in s1 the disturbance has taken place while in s2 has not. In
both s1 and s2 the counter is set to 0.
The third rule calls the simulator on a small time interval
t. This is done only after having set the proper simulator
variables with the Murphi state variables. The inverse operation is performed when the simulator terminates its execution, so as to allow Murphi to store the new obtained state.
Finally, we want to verify that the number of consecu-

Table 3. Experimental results for the BCS
SimTime (s)
10−4
10−4
10−4

DistFreq
1
2
2

dref (V)
10−2
10−2
10−2

MAX OUT
30
0
1

Res
FAIL
FAIL
OK

tive steps in which the buck is outside its set point is less
than a given number of steps (MAX OUT). To this end, we
count the number of consecutive steps in which the buck
output is outside its set point by means of the internal variable num steps out. Thus, the property to be veriﬁed
states that in each state num steps out <= MAX OUT.
To determine the least value for MAX OUT for which the
BCS is correct, we simply run many veriﬁcation, each time
increasing the MAX OUT value. Our results are in Tab. 3.
Note that for too frequent disturbances, the BCS fails to
maintain the output of the buck in its set point for 3 ms,
which is typically unacceptable. On the other hand, for
higher values of the disturbance interarrival times, BCS succeeds in its task.

4 Conclusions
In this paper we proposed to use model checking techniques to verify fuzzy control systems. This allows us to
explore much more states than other techniques used to this
purpose, like the cell to cell mapping.
To prove the feasibility of our approach, we have applied it to three case studies: the classical car parking and
inverted pendulum problems, plus the veriﬁcation of a fuzzy
controller for a buck tension system [25]. For the latter example, we was able to determine at which point the controller breaks down, so assessing the controller robustness.
For the ﬁrst two examples, we veriﬁed that the controller is
able to take the car or the pendulum to its goal in a given
number of steps. These examples show that explicit model
checking could be a valid technique for the veriﬁcation of
fuzzy controllers. Due to the great easiness of use, it seems
reasonable that our tool can be used also for the tuning
phase in the design of fuzzy controllers. We plan to do this
in a future work.
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